
7.1 - De!nition of the Laplace Transform

De!nition: A transform transforms one function to another function.

Examples of transforms

The derivative and the integral:

𝜔
𝜔𝜀

(tanω1 𝜀) =
1

1 + 𝜀2
and

𝜔
𝜔𝜀

(𝜀3) = 3𝜀2 are transforms.

⌋ 1
𝜀
𝜔𝜀 = ln |𝜀 | + 𝜗 is a transform.

Transforms possess the linearity properties, e.g.,
𝜔
𝜔𝜀

[𝜛𝜚 (𝜀) + 𝜍𝜑(𝜀)] = 𝜛
𝜔
𝜔𝜀

[𝜚 (𝜀)] + 𝜍
𝜔
𝜔𝜀

[𝜑(𝜀)]

De!nition 7.1.1: Let 𝜚 (𝛻) be a function de!ned for 𝛻 ⋛ 0. Then the integral

L {𝜚 (𝛻)} = ⌋ ε
0 𝜕ωℵ𝛻𝜚 (𝛻) 𝜔𝛻 is said to be the Laplace transform of 𝜚 , provided

that the integral converges.

The Laplace transform possesses the linearity properties.

Example 1: Evaluate L {1}.

huh ploss A tool for

1 solvingdifferential
equations

Xty

sin 3 29

GatothedIt'salwaysted
this iswhat's
being

transformed

FHEHTS.at
141 fist 1dt u st

du salt

jest s

191316 so



Example 2: Evaluate L {𝛻}.

Example: Evaluate L {4𝛻 ω 7}

Example: Evaluate L {sin ℶ𝛻}
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Theorem 7.1.1: Transforms of Some Basic Functions

(a) L {1} =
1
ℵ

(b) L {𝛻ℷ} =
ℷ!
ℵℷ+1

, ℷ = 1, 2, 3, … (c) L {𝜕𝜛𝛻} =
1

ℵ ω 𝜛

(d) L {sin ℶ𝛻} =
ℶ

ℵ2 + ℶ2
(e) L {cos ℶ𝛻} =

ℵ
ℵ2 + ℶ2

(f) L {sinh ℶ𝛻} =
ℶ

ℵ2 ω ℶ2
(g) L {cosh ℶ𝛻} =

ℵ
ℵ2 ω ℶ2

De!nition: A function 𝜚 is said to be of exponential order if there exist con-

stants ℸ,⊳ > 0, and ⊲ > 0 such that |𝜚 (𝛻)| ⋜ ⊳𝜕ℸ𝛻 for all 𝛻 > ⊲ .

Theorem: Su"cient Conditions for Existence

If 𝜚 is piecewise continuous on [0, ε) and of exponential order, then L {𝜚 (𝛻)}
exists for ℵ > ℸ.
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Theorem: Behavior of 𝝎 (𝜺) as ℵ ⋝ 𝛚

If 𝜚 is piecewise continuous on [0, ε) and of exponential order and
0(ℵ) = L {𝜚 (𝛻)}, then lim

ℵ⋝ε
0(ℵ) = 0.



Example: Use De!nition 7.1.1 to !nd L {𝜚 (𝛻)}.

𝜚 (𝛻) =

⌈
2𝛻 + 1, 0 ⋜ 𝛻 < 1

0, 𝛻 ⋛ 1

t



Example: Use De!nition 7.1.1 to !nd L {𝜚 (𝛻)}.

𝜚 (𝛻) = 𝜕ω2𝛻ω5

Example: Use Theorem 7.1.1 to !nd L {𝜚 (𝛻)}.

𝜚 (𝛻) = 𝛻2 ω 𝜕ω9𝛻 + 5 𝜚 (𝛻) = cos2 𝛻
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